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All Pair Shortest Path Distance

Introduction

Problem

Given a Weighted Directed Graph G = (V, E) with a weight function w : E — R where R is the
set of real numbers, find the length of the shortest path between all pairs of vertices in G.

Input

Given: G= (V,E)and w: E — R such that |V| = n.
Format: G as adjacency matrix of weights W such that

0 it (i = j)
WIi[j] = w; § weighton edge (i,j) ifi#jand (i,j) € E
00 itisjand (i,j) & E

Output

n x nmatrix D such that D[/][j] = dj where dj; is the length of the shortest path (or shortest
distance) between the vertices i and j.

Assumption: no negative cycle in G.
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Notations

Definition: Intermediate Vertices

For a path P = (vq, v, --- , vj), an intermediate vertex is any vertex of P other than v; or v;.

k
dj

@ Let d,;.‘ = shortest distance (path-weight) of any path i . j with all intermediate vertices
in{1,2,---  k}.
o d}l? = wj; as no intermediate vertices.

o d,;’ = shortest distance (path-weight) between j and j.

Dk
[+ Dk:[d,;.‘
@ DOV=Ww
@ D"=D
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Recurrence Relation

Consider a shortest path i w@ j such that all intermediate vertices are in {1,2,--- , k} for
(k=1)
2 possibilities:
@ k is not an intermediate vertex
= P has shortest distance = '

@ k is an intermediate vertex

=i mel» k «,ﬁ% j such that all intermediate vertices of p; and p, are in {1,2,--- [k — 1}

= P has shortest distance = dft " + d,’;.‘1.

For k > 1
dl = min(d =", di T + i)
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Pseudocode

Algorithm 1 Floyd-Warshall Algo

procedure ALLPAIRSHORTESTDISTANCE(W, n)
DO «— W **Initialization ***
for k < 1tondo
fori«+ 1tondo
forj < 1tondo
af < min(df~", di " + aj
end for
end for
end for
Return D"
end procedure
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Pseudocode

Algorithm 2 Floyd-Warshall Algo

procedure ALLPAIRSHORTESTDISTANCE(W, n)
DO «— W **Initialization ***
for k < 1tondo
fori«+ 1tondo
forj < 1tondo
af < min(df~", di " + aj
end for
end for
end for
Return D"
end procedure

Analysis

Time Complexity: ©(n®)
Space Complexity: ©(n®); but reuse to get ©(n?) (Drop Superscript k)
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Example

Graph

Weight Matrix

1 2 3 4 5
1 0 3 8 © -4
2 o~ 0 o 1 7
3 ~© 4 0 [CNeS)
4 2 o -5 0 )
5 o oo oo 6 0
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Example: Step 1

ah N =
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Example: Step 1

di, =min(a?, d?; + d¥) =min(3,0 + 3) =min(3,3) = 3

D1
1 2 3 4 5
1 3
2 0
3 0
4 0
5 0
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Example: Step 1

di, =min(d?, d?; + d%) =min(3,0 + 3) =min(3,3) = 3
diy = min(al, d?; + d¥%) =min(8, 0 + 8) =min(8,8) = 8

D1
1 2 3 4 5
1 3 8
2 0
3 0
4 0
5 0
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Example: Step 1

di, =min(d?, d?; + d%) =min(3,0 + 3) =min(3,3) = 3
diy = min(al, d?; + d¥%) =min(8, 0 + 8) =min(8,8) = 8
dly =min(d?,, d? + d%) = min(co, 0 + co) = min(co, c0) = oo

D1
1 2 3 4 5
1 3 8 S
2 0
3 0
4 0
5 0
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

aR N =

Ritu Kundu (King’s College London

dip = min(df,, dfy + df
diy = min(dfy, dfy +
diy = min(dly., dfy + dfy

)
)
)
djs = min(dfs, &y + dfs)

=min
=min
=mi
=m

in

in

3,0+3) =min(3,3) =3
8,0+ 8) =min(8,8) = 8
00,0 4+ c0) = min(co, o) = co

(
(
(
(—4,0 + —4) = min(—4, —4) = —4
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

ah N =
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dly = min(d¥, &% + d¥) = min(
1y = min(d, d?; + d%) = min(
min(d104, d% + d1°4) = min(

d115 = min(d105, d% + d1°5) =min(—
dly = min(ddy, a3 + df;) = min(

3,0+3) =min(3,3) =3

8,0+8) =min(8,8) =8

00,0 4+ c0) = min(co, o) = co
4,0+ —4) =min(—4, —4) = —4

00, 0o + 0) = min(oco, o0) = oo
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

aBR N =
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d12 = mln(d12, d11 + d$2
d13 = mln(d13, al11 + d13
d114 = m'”(dw oy + d14
d15 = "“”(d15’ d? + d15
d21 = mln(d21 s d21 + a’1

oy = min(dfy, of, + d

in

n

n

n
in

=m
=mi
=mi
=mi
=m
=m

(
(
(
(=
(
(

in

3,0+3) =min(3,3) =3

8,0+8) =min(8,8) =8

00,0 4+ c0) = min(co, o) = co
4,0+ —4) =min(—4, —4) = —4

00, 0o + 0) = min(oco, o0) = oo

0, 0o + 8) = min(oco, o0) = oo
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

aBR N =
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d12 = min(d® 12, +d%) = min(3,0 + 3) = min(3,3) = 3

dly = min(d?, 13, |+ d%) =min(8, 0 + 8) = min(8,8) = 8

d114 = m|n(d14, d% + d1°4) =min(co, 0 + co) = min(co, co) = oo
dis =min(d’, d¥; + d¥) = min(—4,0 + —4) = min(—4, —4) = —4
ddy = min(ddy, a9, + df;) = min(co, co + 0) = min(co, oo) = oo
0y = min(ddy, d9; + d¥%) = min(co, oo + 8) = min(co, 00) = oo
3, = min(d3,, a9, + d%,) = min(1, co + co) = min(1, co) = 1
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

(SIS SR
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d12 = m|n(d12, dn
dis = m|n(d13, oty
dy = min(d,, oy
djs = min(dfs, d?1
dly = min(ady, d21
dly = min(dd,
d3y = min(dg,, d;
dls = min(dgs, d;

+ d?z) min(3, 0 4+ 3) = min(3,3) = 3

+ d13) =min(8,0 + 8) =min(8,8) =8

+ d1°4) =min(co, 0 + co) = min(co, co) = oo

+ d15) =min(—4,0 + —4) = min(—4, —4) = —4
+d1 ) = min(oo, oo 4+ 0) = min(oco, 00) = oo

+ d13) = min(co, co + 8) = min(co, c0) = oo

+ d14) =min(1, co + co) =min(1, c0) = 1

+ dd) = min(7, oo + —4) = min(7, 00) = 7
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

(SIS SR
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d12 = mln(d12, d11 + d?z) min(3, 0 + 8) = min(3, 3) = 3

d13 = mln(d13, al11 + d13) min(8,0 + 8) =min(8,8) =8

d114 = m|n(d14, d% + d1°4) min(co, 0 4+ co) = min(co, o) = co
d115 = min(d105, d% + d1°5) =min(—4,0 + —4) = min(—4, —4) =
ddy = min(ddy, a9, + df;) = min(co, co + 0) = min(co, oo) = oo
0y = min(ddy, d9; + d¥%) = min(co, oo + 8) = min(co, 00) = oo
dd, = min(d3,, a9, + d2;) = min(1, co + co) = min(1, co) = 1
dds = min(dd;, a9, + dl5) = min(7, co + —4) = min(7, c0) = 7
ddy =min(dd, a9, + ;) = min(co, co + 0) = min(co, 00) = oo

—4
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1

EENFRR O

aBR N =
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d12 = mln(d12, d11 + d?z) min(3, 0 + 8) = min(3, 3) = 3

d13 = mln(d13, al11 + d13) min(8,0 + 8) =min(8,8) =8
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d311 = min(dg1 , d§1 +d) = min(co, 0o + 0) = min(co, 00) = oo
dl, =min(dd,, a2 + d%) = min(4, co + 3) = min(4, c0) = 4
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Example: Step 1

d12 = mln(d12, d11 + d?z) min(3, 0 + 8) = min(3, 3) = 3
d13 = mln(d13, al11 + d13) min(8,0 + 8) =min(8,8) =8
DO =W dly =min(d?,, d? + d%) = min(co, 0 + co) = min(co, c0) = oo
dis =min(d’, d¥; + d¥) = min(—4,0 + —4) = min(—4, —4) = —4
| ddy = min(ddy, a9, + df;) = min(co, co + 0) = min(co, oo) = oo
3 dly =min(d2, A9, + d¥5) = min(co, co + 8) = min(co, 00) = co
. 3, = min(d3,, a9, + %) = min(1, oo + o) = min(1, co) = 1
dds = min(dd;, a9, + dl5) = min(7, co + —4) = min(7, c0) = 7
» d311 = min(d3°1 , d§1 +d) = min(co, 0o + 0) = min(co, 00) = oo
d32 = min(dd, % a2, + d%) = min(4, co + 3) =min(4, c0) = 4
D1 d34 = mln(d34, dg1 + d104) = min(co, 0o + 0o) = min(oco, o) = co
1
2
3
4
5
v
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Example: Step 1

in(3,0 +3) =min(3,3) =3
in(8,0 +8) =min(8,8) =8

d12 = m|n(d12, dn + d?z)

diy = m'"(d13* dfy + d)

DY = w dly = min(d7,, Py + d104)
djs = min(dfs, d?1 + d15)
dly = min(ady, d21 + d1 )
dly = min(dd;, a9, + d13)
a3y = min(al,, &y + dP,)
)

)

)

)

)

in(co, 0 + co) = min(co, co) = oo
4,0+ —4) =min(—4, —4) = —4

in

in(co, co + 0) = min(co, 00) = oo

in(co, co + 8) = min(co, 00) = oo

(
(
(
(=
(
(
in(1, co + co) =min(1, co0) = 1
(
(
(
(
(

EENFRR O

dis = min(d3s., 9y + ds
mi”(d301’d31 + d?1
d32 = min(dg a2 a3y + d12
D1 d} = min(dy, d§1 + d14
dl = min(dfs, df; + dfs

in(7, co + —4) =min(7, c0) = 7

in(co, co + 0) = min(co, 00) = oo

A
3%
Il

in(4, co + 3) = min(4, o) = 4

in(oo, 0o + 00) = min(co, 00) = 0o

3 3333333 3 3 3 3

in(co, co + —4) = min(oco, co) = oo

oh N =
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Example: Step 1

in(3,0 +3) =min(3,3) =3
in(8,0 +8) =min(8,8) =8

d12 = m|n(d12, dn + d?z)

diy = m'"(d13* dfy + d)

DY = w dly = min(d7,, Py + d104)
djs = min(dfs, d?1 + d15)
dly = min(ady, d21 + d1 )
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)

)

)

)

)

)

in(co, 0 + co) = min(co, co) = oo
4,0+ —4) =min(—4, —4) = —4

in

in(co, co + 0) = min(co, 00) = oo

in(co, co + 8) = min(co, 00) = oo

(
(
(
(=
(
(
in(1, co + co) =min(1, co0) = 1
(
(
(
(
(
(

EENFRR O

dis = min(d3s., 9y + ds
mi”(d301’d31 + d?1
d32 = min(dg a2 a3y + d12
D1 dly = min(dg,, d§1 + d14
dls = min(dfs, df; + dfs
djy = min(ddy, dfy + oy

in(7, co + —4) =min(7, c0) = 7

in(co, co + 0) = min(co, 00) = oo

A
3%
Il

in(4, co + 3) = min(4, o) = 4

in(oo, 0o + 00) = min(co, 00) = 0o

in(co, co + —4) = min(oco, co) = oo
in(2,2 +0) =min(2,2) =2

Il
3 33333333 3 3 3 3

oh N =
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Example: Step 1

min(3,0+ 3) =min(3,3) =3
in(8,0 +8) =min(8,8) =8

d12 = m|n(d12, dn + d?z)

diy = m'"(d13* dfy + d)
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)

)

)

)

)

in(co, 0 + co) = min(co, co) = oo
4,0+ —4) =min(—4, —4) = —4

in

in(co, co + 0) = min(co, 00) = oo

in(co, co + 8) = min(co, 00) = oo
in(1, co + co) =min(1, co0) = 1

(
(
(
(=
(
(
(a,
in(7, co + —4) =min(7, c0) = 7
(
(
(
(
(
(

EENFRR O

mi”(d301’d31 + d?1
d3p = min(dg a2 a3y + d12
D1 dly = min(dg,, d§1 + d14
dls = min(dfs, df; + dfs
djy = min(ddy, dfy + d101
djp = min(dgy, dfy + dy

A
3%
Il

in(co, co + 0) = min(co, 00) = oo

in(4, co + 3) = min(4, o) = 4

in(oo, 0o + 00) = min(co, 00) = 0o

in(co, co + —4) = min(oco, co) = oo
in(2,2 +0) =min(2,2) =2
in(co, 2+ 3) = min(c0,5) =5

Il
3 33333333 3 3 3 3

oh N =
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Example: Step 1
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(
(
(=
(
(
(a,
in(7, co + —4) =min(7, c0) = 7
(
(
(
(
(
(
(=
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mi”(d301’d31 + d?1
dlp = min(d} a2 gy + d12
D1 d} = min(dy, d§1 + d14
g = min(ds, o, + o
djy = min(ddy, dfy + d101
djp = min(dgy, dfy + d12
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A
3%
Il

in(co, co + 0) = min(co, 00) = oo

in(4, co + 3) = min(4, o) = 4
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Il
33333333333 3 3 3

in

oh N =
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Example: Step 1

d12 = mln(d12, c/11 + d?z)
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(
(
(
(=
(
in(oco, co + 8) = min(oco, c0) = co
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(
(
(
(
(=
(

EENFRR O

A
3%
Il

dlp = min(d} a2 gy + d12
D1 d3, = min(dg,, d§1 + d14
g = min(ds, o, + o
djy = min(ddy, dfy + d101
djp = min(ddy, dfy + d12
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in(co, 2+ 3) = min(c0,5) =5

5,2 +8) =min(—5,10) = —
in(co, 2 + —4) =min(oco, —2) = -2

in

Il
3 33333333333 3 3 3 3

oh N =
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Example: Step 1
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(
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A
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in(co, co + 0) = min(co, co) = oo

in

Il
3 333333333333 3 3 3 3

oh N =
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1
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d12
diy =
diy =
dis

d51

d52

= mln(d12, dn + d?z)
= mln(d13, al11 + d13)
= min(ap,, oy + d104)
= min(ds, d?1 + d15)
= min(a3y, d21 + d1 )
=min(dd;, o9 + d13)
= min(d&, dg1 + d14)
= min(dgs, d§1 + d1°5)
= min(dg1 , d31 + d$1)
)
)
)
)
)
)
)
)
)

in(3,0 +3) =min(3,3) =3
in(8,0 +8) =min(8,8) =8

in(co, 0 + co) = min(co, co) = oo
4,0+ —4) =min(—4, —4) = —4

in

in(co, co + 0) = min(co, 00) = oo

(
(
(
(=
(
in(oco, co + 8) = min(oco, c0) = co
in(1, co + co) =min(1, co0) = 1
in(7, 00 + —4) =min(7, 00) =7
in(oco, co + 0) = min(oco, o) = co
(
(
(
(
(
(=
(
(
(

= min(d 52 e +d12
= min(dy, d§1 + d14
=min(ds, a9y + %
= min(dg) , dgy + d101
= min(dg,, dgy + d12
= min(dgs, d21 + d13
= min(dfs, d41 + d15
= min(ag o1 gy + oy
= min(dd,, gy + o

in(4, co + 3) = min(4, o) = 4

in(oo, 0o + 00) = min(co, 00) = 0o

in(co, co + —4) = min(oco, co) = oo
in(2,2 +0) =min(2,2) =2

in(co, 2+ 3) = min(c0,5) =5
5,2+ 8) =min(—5,10) = —5
in(co, 2 + —4) =min(co, —2) = —2
in(co, co + 0) = min(co, co) = oo

in

Il
3 3333333333333 3 3 3 3

in(oco, co + 3) = min(oco, c0) = co

Floyd-Warshall Algorithm Tue, Nov 28, 2017

9/15




Example: Step 1

d12 = mln(d12, c/11 + d$2

d13 = mln(d13, al11 + d13
D% — W djy = min(cy, dfy + d104
djs = min(ds, d?1 + d15
dly = min(ady, d21 + d1
g = min(ay, o, + d13
d3y = min(d3y., gy + oy
dis = min(d3s., 9y + ds
min(d§1,d31 + d?1
dlp = min(d} a2 dy +dy
D1 d3, = min(dg,, d§1 +dfy
g = min(ds, o, + o
djy = min(ddy, dfy + d101
djp = min(ddy, dfy + d12
djz = min(ddy, d21 + d13
dls = mi“(d‘?s’ d41 + d15
d51 = min(ag i ddy +dy
d52 = ”“”(‘152’ d§1 +di
s = min(dly, a2 + d¥y

in(3,0 +3) =min(3,3) =3
in(8,0 +8) =min(8,8) =8

in(co, 0 + co) = min(co, co) = oo
4,0+ —4) =min(—4, —4) = —4

in

in(co, co + 0) = min(co, 00) = oo

in(co, co + 8) = min(co, 00) = oo
in(1, co + co) =min(1, co0) = 1
in(7, co + —4) =min(7, c0) = 7

EENFRR O

A
3%
Il

in(co, co + 0) = min(co, 00) = oo

(
(
(
(=
(
(
(
(
(
in(4, co + 3) = min(4, o) = 4
(
(
(
(
(=
(
(
(
(

in(oo, 0o + 00) = min(co, 00) = 0o

in(co, co + —4) = min(oco, co) = oo
in(2,2 +0) =min(2,2) =2

in(co, 2+ 3) = min(c0,5) =5
5,2+ 8) =min(—5,10) = —5
in(co, 2 + —4) =min(oco, —2) = -2
in(co, co + 0) = min(co, co) = oo

in

oh N =

in(co, 0o + 3) = min(co, 00) = oo

Il
3 3333333338333 233 3 3 3 3
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All Pair Shortest Path Distance The Floyd-Warshall Algorithm

Example: Step 1
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1
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d12
diy =
diy =
dis

= mln(d12, dn + d?z) =min(3,0 + 8) = min(3,3) = 3

= mln(d13, al11 + d13) =min(8,0 + 8) =min(8,8) =8

= m|n(d14, d% + d1°4) =min(co, 0 + co) = min(co, co) = oo
=min(d?, d$1 + d15) =min(—4,0 + —4) = min(—4, —4) = —4
= min(a3y, d21 + d1 ) =min(oo, 0o 4+ 0) = min(co, 0o) = oo
=min(dd;, o9 + d13) = min(co, oo + 8) = min(co, 0o) = oo
=min(dd,, a3, + d%) =min(1, co + co) = min(1, co) = 1

= min(d3, d§1 + d%) = min(7, oo + —4) =min(7, co) = 7

= min(dg1 , d31 + d$1) = min(co, 0o + 0) = min(co, co) = co
= min(dd, 32, 31 + d12) =min(4, co + 3) =min(4, c0) = 4

= mln(d34, dg1 + d104) = min(co, 0o + 0o) = min(oco, o) = co
=min(d, 09, + d%) = min(co, co + —4) = min(co, c0) = oo
=min(dY,, dd; + d1°1) =min(2,2 + 0) =min(2,2) = 2
=min(d,, dd; + d12) =min(co, 2 + 3) = min(co, 5) = 5
=min(dY;, d21 + d13) =min(—5,2 + 8) = min(—5, 10) = —

= min(dfs, d41 + d15) =min(co, 2 + —4) = min(co, —2) = —2
= min(d? 51, 5 + d”) = min(co, co + 0) = min(co, co) = oo
= m|n(d52, d§1 + d%) = min(co, co + 3) = min(co, 00) = oo
= min(a? 3 a2, + d%) = min(co, 0o + 8) = min(oo, 00) = co
= m|n(d54, d§1 + d14) =min(6, co + co) = min(6, o) = 6
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Example: Steps 2, 3, 4, 5

D2
1 2 3 4 5
1 0 3 8 4 —4
2 [e'9) 0 oo 1 7
3 =) 4 0 5 11
4 2 5 -5 0 -2
5 oo 0o 00 6 0
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Example: Steps 2, 3, 4, 5

3
D? b
1 2 3 4 5
o2 8 4 8 1 [0 3 8 4 -4
1 0 3 ) z )
2 ~ 0 o 1 7 2 o~ 0 oo 1 7
O L 3 |0c 4 0 5 11
5 o o o 6 0 4 2 -1 -5 0 -2
5 © oo oo 6 0
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Example: Steps 2, 3, 4, 5

3
D? b
1 2 3 4 5
1 2 3 4 5
| 5 3 5 4 — 1 0 3 8 4 —4
2 ~ 0 o 1 7 2 o~ 0 oo 1 7
i ;0 g 05 g 112 3 ~© 4 0 5 11
5 o oo oo & 0 4 2 -1 -5 0 -2
5 © oo oo 6 0
D4
1 2 3 4 5
1 0 3 - 4 =z
2 3 0 -4 1 —1
3 7 4 0 5 3
4 2 -1 -5 0 -2
5 8 5 1 6 0
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Example: Steps 2, 3, 4, 5

3
D? Y
1 2 3 4 5
1 2 3 4 5
| 5 3 5 4 — 1 0 3 8 4 —4
2 ~ 0 o 1 7 2 o~ 0 oo 1 7
3 ;0 ‘5‘ 05 g 112 3 oo 4 0 5 11
5 o oo oo & 0 4 2 -1 -5 0 -2
5 © oo oo 6 0
D5
4
D 1 2 3 4 5
1 2 3 4 5
| 5 3 —— ~— 1 0 1 -3 2 —4
2 3 0 -4 1 -1 2 3 0 -4 1 -1
e s L% oo L 8 |7 4 0 5 3
5 8 5 1 6 0 4 2 -1 -5 0 -2
5 8 5 1 6 0
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Outline

e Transitive Closure
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Transitive Closure

Introduction

Problem
Given a Graph G = (V, E), find its transitive closure defined as:
G = (V,E*) where E* = {(i,j) : thereis path i ww jin G}.

Input
Given: G = (V, E) such that |V| = n.

Output

1 if there is pathi vws j
0 otherwise

n x nmatrix D such that D[/][j] = dj such that dj; {
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Changes

New Weight Matrix
Assign weight of 1 or 0 to each edge. In other words, modify W as follows:

. 1 if(i=j)or(i,j)eE
WIij] = wy
101 = w; 0 otherwise
In effect, it is unweighted adjacency matrix.

New Operators in Recurrence Relation
Replace the operators in the recurrence relation by following boolean operators:

@ min — Vv (OR)
@ + — A (AND)
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Modified Recurrence Relation

FOI’ka11 k—1 k—1
df =di TV (dy AdgT)

k
dj

(*] dg = 1ifthere is a path i ww> j with all intermediate vertices in {1,2,--- , k}, 0 otherwise.

® o) =1ifi=jor(ij) € E, 0 otherwise.

(*] d,.;.’ = 1ifthereis a path i ~w> j, 0 otherwise.
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