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Background
p(w)

Maximal(Longest) Unbordered Factor

o It is the longest factor of w which does not have a (non-empty) border;
its length is usually represented by p(w)

o For the word w = baababa, u(w) =5 .

o p(w) < the minimal period of w.



At what

length of Background
w, p(w) is p(w)
maximal?

Ehrenfeucht and Silberger
(1979)

Holub and Nowotka (2012)

® Asymptotically optimal upper
bound (pu(w) < %n)



Motivation

Background

Given w,
what is
the longest
factor of w
that does
not have

w(w)

a border?

Loptev et al. (2015)

first sub-quadratic-time (average case):

O(n? /o))

Gawrychowski et al. (2015)

Worst case O(n'?)
O(nlogn) time on average

Cording and Knudsen (2016) — O(n)-time
2 average-case using a refined bound on the
expected length of the maximal unbordered
factor




Our Contribution

Computing the ‘ Longest Unbordered Factor Array ‘ of a word over a

general alphabet in O(nlogn) time with high probability.

The algorithm can also be implemented deterministically in O(nlogn log2 log n) time.

o



Our Contribution

a a b b abaabbaababbab awb

1 5 15 20

Longest Unbordered Factor Array

Input: A word w of length n
Output: An array LUF[1..n] such that LUF[¢] is the length of the maximal

unbordered factor starting at position ¢ in w, for all 1 <7 < n.

Example

% 1123 |4]5(6|7|8]9]10(11]12|13|14(15|16|17|18|19]|20
wl[i] |a|a|b|b|la|bjajajb|bjajal|b|a|b|b|a|b|alb

LUFliT[20]3]12]9]12]3]14[3]11] 3 J10[5[2[3[5[2[2[2]2]1]

o
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a a b b

Example

a b a a b b a a b a b b

5 15

a b a b

20

i

1

2

3

415167819 |10(11|12(13|1415

16171181920

wli]

a

a

b

bla|bjlalalb|b|ala|b|al|b

bla|bjal|b

LUFLiT[20]3]12]9]12]3]14[3]11] 3 J10[ 523 [5]2[2[2]2]1]




Our Contribution

a a b b abaabbaababbab aob

1 5 15 20

Example

% 1123 |4]5(6|7|8]9]10(11]12|13|14(15|16|17|18|19]|20
wl[i] |a|a|b|b|la|bjajajb|bjajal|b|a|b|b|a|b|alb

[Wr[20]3]22[o[ 2 3[4 3]21[ 3 [10] 5 [ 2 [3 [ 5] 2 22 [2] 1]
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Computational Tools - 1

Duval (1982) J

The shortest (non-empty) border of w is unique and unbordered.

Proposition: Duval (1982)

For any word w, there exists a unique sequence (u1,--- ,uy) of unbordered
prefixes of w such that w = ug - - - ui. Furthermore, the following properties
hold:

(1) w1 is the shortest border of w;
(2) wuy is the longest unbordered prefix of w;

(3) for all 4, 1 < <k, u; is an unbordered prefix of wuy.

unbordered-decomposition
The unique sequence described in the above proposition provides a unique

unbordered-decomposition of a word.

w = baababbabab =baa-ba-b-ba-ba-b.




Computational Tools - 2

Longest Successor Factor (Length and Reference) Arrays

LSF,[1] = 0 if i=mn,
T max{k |wli..i+k—1=wlj..j+k—1}, for i<j<n.
LSF [i] = nil if LSFy[i] = 0,
T max{j | w[j..j +LSFeli] — 1] = wli..i 4+ LSFe[i] — 1]}  for i < j < m.



Computational Tools - 2

Longest Successor Factor (Length and Reference) Arrays
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Example
3 1123|4516 9110111213 |14|15|16|17|18|19|20
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LSF[i] [ 5 5 4 3[271 3 1[3[2]1J0]o
LSF.[¢] | 7|14 |15(16|17 10|11 |14{15]18|19|17|18|19|20|18|19|20|nil|nil




Computational Tools - 2

Longest Successor Factor (Length and Reference) Arrays

7 11 16 18 19 20

a a b b a b a a b b a a b a b b a b a

Example
3 1123|4516 9110111213 |14|15|16|17|18|19|20
w[i] |alal|b|b b|a b|b|a bla|b|b|a|lb|al|b
LSFe[i] | 5 5 4 3201 3 132100
LSF.[¢] | 7|14 (15(16(17|10|11|14|15(18|19|17|18|19|20|18|19|20|nil|nil




Computational Tools - 2

Longest Successor Factor (Length and Reference) Arrays

7 11 16 18 19 20

a a b b abaabbaababbahb b

Example
3 1123|4516 9110111213 |14|15|16|17|18|19|20
w[i] |alal|b|b b|a b|b|a bla|b|bjal|b b
LSFe[i] | 5 5 4 3201 3 1]3]2]1 0
LSF.[¢] | 7|14 (15(16|17 10|11 |14(15(18|19|17|18|19|20|18|19|20|nil|nil




Computational Tools - 2

Longest Successor Factor (Length and Reference) Arrays

7 11 16 18 19 20

a a b b abaabb aab abl|b ablab

Example
3 1123|4516 9110111213 |14|15|16|17|18|19|20
w[i] |alal|b|b b|a b|b|a bla|b|b|a|lb|al|b
LSFe[i] | 5 5 4 3121 3 113(2(1]0]0
LSF.[¢] | 7|14 |15(16|17 10|11 |14(15|18|19|17|18|19|20|18|19|20|nil|nil




Computational Tools - 2

Longest Successor Factor (Length and Reference) Arrays

7 11 16 18 19 20

a a b b abla a b b a ab ab b ab a b

—————

Example
3 1123|4516 9110111213 |14|15|16|17|18|19|20
w[i] |ajal|b albj|a b|b|a bla|b|b|a|lb|al|b
LSF[i] [ 5 5 4 3[271 3 1[3[2]1J0]o
LSF.[¢] | 7|14 |15(16|17 10|11 |14{15(18|19|17|18|19|20|18|19|20|nil|nil




Combinatorial Tool

Hook Array (HOOKJL . .n])

At each position j, HOOK]j] stores the smallest position ¢ such that the
factor w(g..j — 1] can be decomposed into unbordered prefixes of wl[j..n].
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Combinatorial Tool

1 12 lg/\lflf 2IO

I [
a a b b abaabb aababbab awb

us uz Ul

Example

i 1[2[3]a[s]6[7]8]9]10]11]12]13[14]15]16[17]18]19]20
wl[f] |ala|b|bla|blajalb|b|a|la|b|a|b|bla|lb|alb
[HoOK[][1]1]3]3]5]3]7]1]9] 3 [11]11]13] 1 [15]13[17]13]17]20]

9




Combinatorial Tool

Greedy Construction

us U2 Ul
A Wy _

Observation 1 J

The decomposition of v into unbordered prefixes of w is unique.

Observation 2
If v can be decomposed into unbordered prefixes of u, then every prefix of v

also admits such a decomposition. 9
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Case 1

If LSF,[i] = O then
LUF[i]=n—i+1, for 1 <i<n.

11



Case 2

If LSF,[i] = j and LSFe[i] < LUF[j] then
LUF[¢] = j + LUF[j] — ¢, for 1 < ¢ < m.

11



Case 2

If LSF,[i] = j and LSFe[i] < LUF[j] then
LUF[¢] = j + LUF[j] — ¢, for 1 < ¢ < m.

u
—_—
i J
H—/ H—/
v v

11



Case 3 (a)

If LSF,[i] = j and LSF,[i] > LUF[5] then
LUF[i] = HOOK(j] — i if i < HOOK([j], for 1 < i < n.

11



Case 3 (a)

If LSF,[i] = j and LSF,[i] > LUF[5] then
LUF[i] = HOOK(j] — i if i < HOOK([j], for 1 < i < n.
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Case 3 (a)

If LSF,[i] = j and LSF,[i] > LUF[5] then
LUF[i] = HOOK([j] — i if i < HOOKIj], for 1 < i < m.

11



Case 3 (b)

If LSF, [i] = j and LSF¢[i] > LUF[j] then
LUF[¢] = LUF[j], for 1 < i < n.

11



Case 3 (b)

If LSF, [i] = j and LSF¢[i] > LUF[j] then
LUF[¢] = LUF[j], for 1 < i < n.

q J
| E
uL 11_2 ™
v v

11



Case 3 (b)

If LSF, [i] = j and LSF¢[i] > LUF[j] then
LUF[¢] = LUF[j], for 1 < i < n.

== el
e ——
v v
LUF(i]

11



Finding Hook

Naive Construction

FindBeta Function

* Returns the length § of the shortest prefix of w[j..n] that is a suffix of
w[l..q—1],or B=0.

« Based on ‘prefix-suffix queries’ of Kociumaka et al. (2015, 2012): Given
d € N; factors z & y of w, reports all prefixes of = of length between d

and 2d that occur as suffixes of y.

« A single prefix-suffix query can be implemented in O(1) time after
preprocessing of w which takes quasilinear! time.

12



Finding Hook

Efficient Construction

u
/—/H
g ip—1 Tet1 g i1
a | - J
up Up—1 U1 UL uq

Observations

« In a chain, each uy is unbordered. LUF[ix] > |ux| = HOOK[ix] < ip_1.

12



Finding Hook

Efficient Construction

u u
/—/% /—/H
q i ip—1 k41 ig i’ i1
| T \ - | 1
Up Up—1 U1 UL uq
?2?77? U’

Observations

» Overlapping Chains.

RECYCLE

Shift hook leftwards: Avoid computations between i; and i,—1 w.r.t longer
factors at i.

Genralised Hook: ’Hf

H] = j and Hj = H; if £ > LUF[j].

12




Finding Hook

Efficient Construction

q ZF ip—1 Tkt1 Zf J

| | —

Implementation

« Right to left.
« Use a stack to keep track of the pairs (¢,) for which the hooks H¢ need

to be determined.

« Update values in HOOK.

12



ANALYSIS




Purpose
« Correctness
» Running time analysis

o Efficient FindBeta

14



Definition: 7}

7}£ = {i | (4,7) was pushed onto the stack of j}.

14



Characteristics

LUF[5]
. Sj =

j -
=1

« A unique shortest unbordered prefix of w[j .. LUF[j] — 1] occurs at each i
belonging to the same twin set.

14



11 12 13 14 15 16 17 18 19 20

1 7 9 10

S I I ) L AN A SR (R W | R |
a a b b ab aa b b a a bla b b a b a b
E U6 Uus E us E Ul

STACK: (£,4):  (2,12) (1,11) (3,8) (1,7) (2,5) (3,2) (1,1)

Characteristics

LUF[5]
. Sj =

j -
=1

« A unique shortest unbordered prefix of w[j .. LUF[j] — 1] occurs at each i
belonging to the same twin set.

14



11 12 13 14 15 16 17 18 19 20

1 7 10
4 abbabaabbaababbatbadhb

ur Ue us U4q us u2 (75}
STACK: (¢,i):  (2,12) [(1,11) (3,8) | (1,7) | (2,5) (3,2) | (1,1)
Tia = {11,7,1}

Characteristics

LUF[5]
. Sj =

j -
=1

« A unique shortest unbordered prefix of w[j .. LUF[j] — 1] occurs at each i
belonging to the same twin set.

14



«/—\

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
aa b bf@blaab ba@Blabbabalkb
w7 us us  us Uz Uz U1 ———

STACK: (¢,4): [@12) (1,11) (3.8) (1,7) (3,2) (1,1)

T = {11,7,1} T4 = {12,5}

Characteristics

LUF[5]
. Sj =

j -
=1

« A unique shortest unbordered prefix of w[j .. LUF[j] — 1] occurs at each i
belonging to the same twin set.

14



«/\

1 2 & 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
b A LAl
w7 us us  us Uz Uz U1 —
STACK: (¢4,4):  (2,12) (1,11) 381 (1,7) (2,5) [ (3.2) | (1,1)
L={11,7,1} T4 = {12,5} TS = {8,2}

Characteristics

LUF[5]
. SJ =

g
=1

« A unique shortest unbordered prefix of w[j .. LUF[j] — 1] occurs at each i
belonging to the same twin set.

14



«/\

1 2 & 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
ey
w7 us us  us Uz Uz w1
STACK: (¢,0): [EAEID] G @7 BEBl G2) | @1
L={11,7,1} T4 = {12,5} TS = {8,2}

Characteristics

LUF[5]
. SJ =

g
=1

« A unique shortest unbordered prefix of w[j .. LUF[j] — 1] occurs at each i
belonging to the same twin set.

14



Characteristics

e Dynamic: Parent, Base ”



Behaviour

Jo
HOOK{[jo] = qo | LUF[jo] = |u|
Ty T e T sco L
foco [ aoo iy aoa flo pool) fooo (X soo
q0 i k J2 J1 Jo

If jo and j; are two references such that jg is the parent of j; and j; € 7’7%, then each position
i € Sjl satisfies the following properties:




Behaviour

Jo
HOOK[jo] = qo | LUF[jo] = |u|
fooo I 000 flg 000 [l poo) fooo [ 000l
q0 1 k J2 J1

If jo and j; are two references such that jg is the parent of j; and j; € TJ%, then each position
i € Sjl satisfies the following properties:




Behaviour

Jo
HOOK{[jo] = qo | LUF[jo] = |u|
T (A T o T

fooo f§ aco m} foao [ aoa]

7
HOOK[ji]=qi | LUF[ja] = |ui]
7;11 7;[;1 7}\1111\
{00}

90 i k J2 J1 Jo

If jo and j; are two references such that jg is the parent of j; and j; € 7’7%, then each position
i € Sjl satisfies the following properties:




Behaviour

Jo
HOOK(jo] = a0 | LUF[jo] = [ul
Th T i Uy
{m is i) (ko)
\_‘_L\
B
HOOK[ji]=q1 [ LUF[i] = Ju]
T TR T}
Tl
—
a0 i k J2 J1 Jo

If jo and j; are two references such that jg is the parent of j; and j; € 7;[0, then each position

i € 5_7'1 satisfies the following properties:

T

(1) ieTh;




Behaviour

Jo
HOOKJjo] = g0 | LUF[jo] = |u|
T T e T e T
fooe f| aoe iy coo i ool flooe [ ooo]

J1
HOOK[ji]=gq1 | LUF[] = Ju]
Ty o T e T

fooo i oool)

q0

If jo and j; are two references such that jg is the parent of j; and j; € 7’9%, then each position
i € 'Sjl satisfies the following properties:

(1) i eTh;




Behaviour

Jo
HOOK[jo] = qo | LUF[jo] = [u|
T T e T
fooe f| aoe iy coo i ool k
| —
0>/
J1
HOOK[ji]=gq1 | LUF[] = Ju]
Y oo T S
fooo 1 }

q0

If jo and j; are two references such that jg is the parent of j; and j; € 7’9%, then each position
i € 'Sjl satisfies the following properties:

!
(2) there exists k € 'szo , with £/ > £, such that (k 4 ¢/ — i,4) is pushed onto the stack of ji.




Behaviour

q0

Jo
HOOKJjo] = q0 | LUF[jo] = |u|
T T3 T s
foca [ aeo fi b pocd foca (X oosf
J1
HOOK[j1] = @1 LUF[j1] = ||
T T 7!
floca 1| ooo))
o>
7 J2 J1 ]ﬁ

If jo and j; are two references such that jg is the parent of j; and j; € 7’]%, then each position

S Sjl satisfies the following properties:

’
(2) there exists k € 'Tjeo , with £/ > £, such that (k 4 £’ — i,4) is pushed onto the stack of ji.




Behaviour

jo
HOOK([jo] = q0 LUF[jo] = |u|
T T T T
{. i"'m'”jl ) (k)
J2 i
HOOK([j2] = g2 | LUF[jo] = [ua| HOOK[ji]=q1 [ LUF[ji] = Jui]
u; |uy]
i 7;’;2 7;\02\ - 7;‘511 T
{0}
Jo

q0 i k J2

If jo is the parent of two references jo < j1, both of which belong to Tfo, then Sjl N sz =0 J




Behaviour

q0

Jo
HOOK{[jo] = q0 | LUF[jo] = |u|
T 3 T T
oo 1 000 [ el Feee [ oo}
J2 J1
HOOK([j2] = g2 | LUF[jo] = [ua| HOOK([j1] = ¢ [ LUF[ji] = Jud]
T T 7 T T 7!
{0}
i k J2 J1 Jo

If jo is the parent of two references jo < ji1, both of which belong to 7;%, then 'Sjl al Sj2 =0. J




Behaviour

Jo
HOOK([jo] = o | LUF[jo] = [u|
T 7 7 T
fooo [l 0oo iy oo o pool) floos [§ cos]]
J2 J1
HOOK[ja] = g2 | LUF[ja] = [us] HOOK[ji]=q1 [ LUF[i] = Ju]
Ty e TR e G T T T
foco [ oool)
a0 i k J2 J1 jo

If jo is the parent of two references jo < j1, both of which belong to TJZO’ then ‘Sjl n Sj2 = 0. J




Behaviour

q0

If jo < j1 are two base references then Sjl al 3_72 = 0.

Jjo
HOOK[jo] = a0 | LUF[jo] = [u|
T g T s
{0 o fn pooll { k--}
J J1
HOOK([j2] = g2 | LUF[jo] = [us| HOOK[ji]=q1 [ LUF[ji] = Jui]
T T2 T oo T
{ i
i k J2 J1 Jo




« The total size of all the stacks used throughout the algorithm is
O(nlogn).
o The total running time of the FindBeta function is O(nlogn)

o Start from d = 2¢ for prefix-suffix queries if the reference’s parent twin-set is
of length = £.

Given a word w of length n, our algorithm solves the Longest Unbordered
Factor Array problem in O(nlogn) time with high probability. It can also

be implemented deterministically in O(n log nlog? log n) time. !

16



SUMMARY




Summary

HOOK
(linearithmic
time)

LUF in
linearthmic

time

Linear
Algorithm
for Integer
Alphabets?

Open
Questions

Properties
of HOOK

18
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